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Examples of Hopf algebras

Planar binary trees, PBT, Loday-Ronco

Non-commutative symmetric functions, Sym

Permutations, FQSym, Malvenuto-Reutenauer

°
°

@ Quasi-symmetric functions, QSym
°

o Packed words, WQSym, Hivert
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WQSym Packed words Hopf agebra Coproducts

Packed words

Definition

A word over the alphabet N+ is packed if all the letters from 1 to
its maximum m appears at least once.
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WQSym Packed words Hopf agebra Coproducts

Packed words

A word over the alphabet N+ ¢ is packed if all the letters from 1 to
its maximum m appears at least once.

<

Packed words of size 0, 1, 2 and 3

@ ¢
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WQSym Packed words Hopf agebra Coproducts

Packed words

A word over the alphabet N+ ¢ is packed if all the letters from 1 to
its maximum m appears at least once.

<

Packed words of size 0, 1, 2 and 3

@€
o1
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WQSym Packed words Hopf agebra Coproducts

Packed words

A word over the alphabet N+ ¢ is packed if all the letters from 1 to
its maximum m appears at least once.

Packed words of size 0, 1, 2 and 3
@ ¢
o1
e 12 21 11
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WQSym Packed words Hopf agebra Coproducts

Packed words

A word over the alphabet N+ ¢ is packed if all the letters from 1 to
its maximum m appears at least once.

<

Packed words of size 0, 1, 2 and 3

@€
o1
e 12 21 11

e 123 132 213 231 312 321
122 212 221 112 121 211 111
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WQSym Packed words Hopf agebra Coproducts

Packed words

A word over the alphabet N+ ¢ is packed if all the letters from 1 to
its maximum m appears at least once.

<

Packed words of size 0, 1, 2 and 3

@ ¢
o1
e 12 21 11

e 123 132 213 231 312 321
122 212 221 112 121 211 111

\

Packed words of size n [OEIS A000670]

n 1123 | 4 5 6 7 8
PW, | 1|3 |13 |75 | 541 | 4683 | 47293 | 545835
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Packed words Hopf agebra Coproducts

24154 ¢ PW
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Packed words Hopf agebra Coproducts

24154 ¢ PW  but  pack(24154) = 23143 € PW
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Packed words Hopf agebra Coproducts

24154 ¢ PW  but  pack(24154) = 23143 € PW

One representation : #rows < #columns

remove empty lines

[ ]
2 4 1 5 4 — pack — 2 3 1 4 3
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WQSym Packed words Hopf agebra Coproducts

Hopf algebra

WQSym

5
® 3112+ 212 — 3212341 — 3 111
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WQSym Packed words Hopf agebra Coproducts

Hopf algebra

WQSym
® Ra112 + Ro12 — 3Ro12341 — 3Rin
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WQSym Packed words Hopf agebra Coproducts

Hopf algebra

WQSym
® Ra112 + Ro12 — 3Ro12341 — 3Rin
@ RipRi11 = Ri23z + Ruzez + Ruzz2 + R3i23 + R3132 + Razi
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WQSym Packed words Hopf agebra Coproducts

Hopf algebra

WQSym
® Ra112 + Ro12 — 3Ro12341 — 3R1n1
o RoRi1 = Ri23z + Rizoz + Ruzzz + R3123 + R3132 + Raszo
o A(R24231) = Rc®R24231 +R121 ®Ro1 +R1312®R1 +Ro4231 R,
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WQSym Packed words Hopf agebra Coproducts

Hopf algebra

WQSym

® Ra112 + Ro12 — 3Ro12341 — 3R1n1

o RoRi1 = Ri23z + Rizoz + Ruzzz + R3123 + R3132 + Raszo
A(R24231) = Rc®R24231 +R121 ®R21 +R1312®R1 +Ro4231 ®R,

unitary associative product -

counitary coassociative coproduct A
Hopf relation A(a- b) = A(a) - A(b)
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)

. .
° °
° ° ° °
° ° °
. 2 4 2 3 1 2 4 2 3 1
° °
o—> o
2 4 2 3 1 .
[ ) [ )
°
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)

° L]
[ [ ]
[ ] [ ] [ ] [ ]
+
L] ° L]
. 2 4 2 3 1 2 4 2 3 1
° [ ]
.—> [ ] [}
2 4 2 3 1 . N .
[ ] [ J [ ] [ ]
° [ ]
2 4 2 3 1 2 4 2 3 1
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)

[} [ J
[} [ ]
[ ] [ ] [ ] [ ]
+
[ ] [}
2 4 2 3 1 2 4 2 3 1
R24231 .
[ ] [}
[ ] [}
+
[ ) [ ) [ ) [ )
[ ] [ ]
2 4 2 3 1 2 4 2 3 1
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)

[ ]
[ ]
Re @ Roa31 S S
+ [ ]
2 4 2 3 1
A
R24231 T Te
[ ] e .
° ° —+ o o
hd [ ]
2 4 2 3 1 SRR
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)

[ ]
[ ]
Re @ Rog231 . .
+
2 4 2 3
A
R24231 T Te
. [ ]
° ° + hd
. [ ] [ ]
[ ]
2 4 2 3 1 > 4 2 3 1
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)

Re ® Rog031 . .
+
[ ] [ ]
1 2 1 2 1
A
R24231 T Te
. [ ]
° ° +. ..
[ )
2 4 2 3 1 2423;

YL  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)

Re ® Ros231 N Ri21 ® Rog

A
R24231 S Te .
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WQSym Packed words Hopf agebra Coproducts

Deconcatenation (reduced)

Re ® Rog231 ) Ri21 ® Rog

A
R24231 -

Ri3120 @Ry + Ros31 ® R

YL  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

[} [}
[} [}
[ ) [
) [ ] °
° 2 4 1 3 2 4 1 3
[ ]
—
[ ]
2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

. . °
. . °
[ ) [ °
) [ ] ° °
® 2 4 1 3 2 4 1 3 2 4 1 3
* —
[ ]
2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

° ° °
° ° °
[ ] [ ) °
® 2 4 1 3 2 4 1 3 2 4 1 3
T L=l T
2 4 1 3 °
[ ]
[ ]
2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

° ° °
° ° °
® + [® + | e
® 2 4 1 3 2 4 1 3 2 4 1 3
[ ]
.H L4 °
2 4 1 3 ° °
[ ] +.
[ ] [ ]
2 4 1 3 2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

. . °
. . °
he + [® + | e
[ ] ° °
Q 2 4 1 3 2 4 1 3 2 4 1 3
2413
— o ;
[} [}
[ ] +.
[ ] [ ]
2 4 1 3 2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

Qe @ Q2a13, I N

A 2 4 1 3 2 4 1 3
Qs = 7o T
[ )
[}
° [}
+ e
[ ]
[ ]
2 4 1 3
2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

[ ]
° [ ]
Qe ® Q2413, L° 2
€ + 13 2+ [ ]
L[ [e] | *
A . 2 4 1 3
Qo413 S Te
[ ] [ ]
[ ] + [ ]
[ ] [ ]
2 4 1 3 .
2 4 1 3

(% PHD at LISN: Hugo Miodecki A bidendriform automorphism of WQSym



WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

[ ]
[ ] [ ]
Qe ® Qos13, LB
® °
A 1 1.3 2 2 4 1 3
Qs = 7o T
[}
[}
[}
[ ) _'_.
[ ]
[ ]
2 4 1 3
2 4 1 3
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WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

[ ]
e ® Q2413, Q1 132 :
Qe ® Q2a13, Q1 @ Qua2
[ ]
[ ]
A 2 4 1 3
Qo413 = T .
[ ] [ ]
[ ] +.
[ ] [ ]

2 4 1 3 2 4 1 3

(% PHD at LISN: Hugo Miodecki A bidendriform automorphism of WQSym



WQSym Packed words Hopf agebra Coproducts

Horizontal disassembly

Qe ® Q2413+ Q1 ® Q132 N Q21 ® Q21

A
Qoa13 T

Q213 ® Qq ) Q2413 ® Qc

(% PHD at LISN: Hugo Miodecki A bidendriform automorphism of WQSym



Bidendriform bialgebra Half coproducts Primitive elements

Auto-duality

@ R and Q bases of WQSym and WQSym*
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Bidendriform bialgebra Half coproducts Primitive elements

Auto-duality

@ R and Q bases of WQSym and WQSym*

@ 2001 Duchanp-Hivert-Thibon conjecture the auto-duality of
WQSym
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Bidendriform bialgebra Half coproducts Primitive elements

Auto-duality

@ R and Q bases of WQSym and WQSym*

@ 2001 Duchanp-Hivert-Thibon conjecture the auto-duality of
WQSym

@ 2005 Foissy demonstrates the self-duality of bidendriform
bialgebra (rigidity)

¥ PHD at LISN: Hugo Miodecki A bidendriform automorphism of WQSym



Bidendriform bialgebra Half coproducts Primitive elements

Auto-duality

@ R and Q bases of WQSym and WQSym*

@ 2001 Duchanp-Hivert-Thibon conjecture the auto-duality of
WQSym

@ 2005 Foissy demonstrates the self-duality of bidendriform
bialgebra (rigidity)

@ No explicit isomorphism

¥ PHD at LISN: Hugo Miodecki A bidendriform automorphism of WQSym



Bidendriform bialgebra Half coproducts Primitive elements

Half coproducts

Example of left and right coproducts
o A(Razss31) = Rio1 ® Razon + Rio133 ® Roy + Riz1aa0 @ Ry
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Bidendriform bialgebra Half coproducts Primitive elements

Half coproducts

Example of left and right coproducts
o A(Roaos531) = Rio1 @ Razp1 + Ri2133 @ Rop + Ryz1a40 @ Ry
o A_(Roa2s531) = Ri2133 ® Rp1 + Riz1442 ® Ry
o Ay (Roaoss31) = Rio1 @ R3zpp

eYpZi  PHD at LISN: Hugo Miodecki A bidendriform automorphism of WQSym



Bidendriform bialgebra Half coproducts Primitive elements

Half coproducts

n—1
° A-<(RU) = Z i=k Rpack(ul---u,-) ®Rpack(u,-+1---un)a
{ug,--up30{ujy g, un}=0
ux=max(u)
k—1
o A (Ry)=3>" i=1 Rpack(u1~--u,-) ® Rpack(u,—+1~-~u,,)
{ug,--ui 30 {ujy g, un}=0
ux=max(u)

V.

Example of left and right coproducts

o A(Rosos531) = Rio1 @ Razp1 + Ri2133 @ Rop + Ryz1a40 © Ry
o AL (Rogzs531) = Ri2133 ® Ro1 + Ri314420 @ Ry
o A, (Rogs531) = Ri21 ® Rasog

eYPZi  PHD at LISN: Hugo Miodecki A bidendriform automorphism of WQSym




Bidendriform bialgebra Half coproducts Primitive elements

Bidendriform bialgebra

Definition
@ Refinement of associativity and co-associativity
e 3 and 3 equations
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Bidendriform bialgebra Half coproducts Primitive elements

Bidendriform bialgebra

Definition
@ Refinement of associativity and co-associativity
e 3 and 3 equations
@ Refinement of the Hopf relation
e 4 equations
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Bidendriform bialgebra Half coproducts Primitive elements

Bidendriform bialgebra

Definition
@ Refinement of associativity and co-associativity
e 3 and 3 equations
@ Refinement of the Hopf relation
e 4 equations

Theorem [Foissy]

If Ais a bidendriform bialgebra then A is freely generated by
TPrim(A) as a dendriform algebra.

PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bidendriform bialgebra Half coproducts Primitive elements

Bidendriform bialgebra

Definition

@ Refinement of associativity and co-associativity
e 3 and 3 equations

@ Refinement of the Hopf relation
e 4 equations

Theorem [Foissy]

If Ais a bidendriform bialgebra then A is freely generated by
TPrim(A) as a dendriform algebra.

n 112|314 5 | 6 7 8

WQSym, | 1 | 3| 13 | 75 | 541 | 4 683 | 47 293 | 545 835
TPrim, |1 |1 4 |28 | 240 | 2384 | 26 832 | 337 168

A bidendriform automorphism of WQSym



Bidendriform bialgebra Half coproducts Primitive elements

Bidendriform bialgebra

@ Refinement of associativity and co-associativity
e 3 and 3 equations

@ Refinement of the Hopf relation
e 4 equations

v

Theorem [Foissy]

If Ais a bidendriform bialgebra then A is freely generated by
TPrim(A) as a dendriform algebra.

WQSym is self-dual.

PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bidendriform bialgebra Half coproducts Primitive elements

Definitions

Primitive element

P is a primitive element < A(P)=0
Ex : Ri213 — Ro3o1
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Bidendriform bialgebra Half coproducts Primitive elements

Definitions

Primitive element

P is a primitive element <= A(P) =0
Ex: Ri213 — Rosz;

A(R1213) = Ay (Ri213) = Rio1 ® Ry
A(Ro321) = Ax(Ro321) = Rio1 @ Ry

INWPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bidendriform bialgebra Half coproducts Primitive elements

Definitions

Primitive element

P is a primitive element <= A(P) =0
Ex: Ri213 — Rosz;

A(R1213) = Ay (Ri213) = Rio1 ® Ry
A(Rzs21) = Ax(Roso1) = Rio1 @ Ry

Totally primitive element

| A\

P is a totally primitive element <= AZ(P)=A.(P)=0
Ex : R12443 — R21443 — R23441 + R32441

A
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Bidendriform bialgebra Half coproducts Primitive elements

Definitions

Primitive element

P is a primitive element <= A(P) =0
Ex: Ri213 — Rosz;

A(R1213) = Ay (Ri213) = Rio1 ® Ry
A(Rzs21) = Ax(Roso1) = Rio1 @ Ry

Totally primitive element

P is a totally primitive element <= AZ(P) = A (P) =
Ex : Ri2443 — R21443 — Ro3441 + R32441

A(Ri2as3) =Rizzz ®@R1 Ri2 ® Roon + Ri ® Rusz
A(Ro1443) =Ro133 @ R1 - Ro1 @ Roon + Ry ® Rusae
A(Ro3as1) =Rizzzs @R Ri2 ® Rooy + Ry @ Rozzy
A(R32441) = Ro133 @ R1 Ro1 @ Rpo1 + Ry ® Rogzy

| A\

A

PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base

Explicit bidendriform isomorphism between WQSym and it's dual
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Bases P et O Biplane forests Basis Base

Explicit bidendriform isomorphism between WQSym and it's dual

)

Explicit isomorphism between TPrim(WQSym) and it's dual
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Bases P et O Biplane forests Basis Base

Explicit bidendriform isomorphism between WQSym and it's dual

)

Explicit isomorphism between TPrim(WQSym) and it's dual

Construction of two bases of totally primitive
(in WQSym and WQSym™) J

IVYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base

Biplane Forests, representation of decompositions

Skeletons

Paked trees

@ Bicolors trees G @ @

IKYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P e Biplane forests Basis P Base

Red skeleton of 8767595394312

Fske(8767595394312)

8§ 7 6 7 5 9 5 3 9 4 3 1 2
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Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Fske(8767595394312) Global descents factorisation

()
8§ 7 6 75 9 5 3 9 4 3 1 2

ILYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Fske(8767595394312) = Global descents factorisation +
Toe(65453731721) Tore(12)  paking

6 545 3 7 317 21 1 2

ILYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Foke(8767595394312) =
Toe(65453731721) Toke(12)

6 545 3 7 317 21

ILYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Fske(8767595394312) = Remove all the occurences of the
Tske(65453731721) Toke(12) maximal value

ILYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Fske(8767595394312) = Global descents factorisation

T ok (65453731721) Tore(12)
LT T [ Mol Tell T [ [ ]
6 5 4 5 3 - 3 .1 2 1

ILYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Fske(8767595394312) = Distinction of two groups of factors
Toke(65453731721) Tore (12)

ILYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Fske(8767595394312) = Reinsert the removed letters +
Toke(65453731721) Toe(12)  paking

3 21 2 34 31 4 21

ILYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Fske(8767595394312) = 3431421 is
Tske(65453731721) Tgke(12) = Red irreductible
Tske(12) . . s
Fure(3212) hd . -

3 21 2 34 31 4 21

Red irreductible

A packed word w is red irreductible if it is not decomposable
by this algorithm.

iYL  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Foke(8767595304312) = Loop
Toe(65453731721) Toye (12) =

) i w FRE

Toe(l)  Take(212)
1 2 1 2 3 4 3 1 4 21

Red irreductible
A packed word w is red irreductible if it is not decomposable

by this algorithm.

iYL  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis P Base

Red skeleton of 8767595394312

Fske(8767595394312)

. .
. . . .
El . .
° °
1 2 1 2 34 3 1 4 21

Red irreductible
A packed word w is red irreductible if it is not decomposable

by this algorithm.

Vn, #Redlrreductible, = dim(TPrim,). )

A bidendriform automorphism of WQSym

iYL  PHD at LISN: Hugo Mlodecki



Bases P et O Biplane forests Basis P Base

First part for basis P

P =R
@ 1,

Ptl,..,,tk = ((]P)tk < ) < ]P)tz) < Ptl’

%D = Boys Py oy P Prw))-
l

67

P

ILYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P Biplane forests Basis P Base

Red forest of 8767595394312

The right part!
F(8767595394312) =

@ 4 o
1 2 1 2 3 4 31 4 21

IlypL: PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis P Base

Red forest of 8767595394312

Positions of max
F(8767595394312) =

@/® 1201

2 3 4 3
Q@ 1 1 23 12

> = e

(S0

o N
—

IlypL: PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis P Base

Red forest of 8767595394312

Right children
F(8767595394312) =

@ IZ|o.oo . .

G@ F(33121)@p . .1.3,3;.2I
6

F(1)

IlypL: PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis P Base

Red forest of 8767595394312

Loop again
F(8767595394312) =

o o ° °
/@ El hd hd
o L] L]
© @ T(11) T(121) @/® ) 1. 3 . 3 1 . 2 1
T(1) '

1 1 2 3 12 3 4 b

IlypL: PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis P Base

Red forest of 8767595394312

F(8767595394312) =

IlypL: PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis P Base

The basis P

Ptla"'7tk = ((]P)tk =< ) < ]P)t2) < ]P)tl,

P %”) = (Boy, Py Pr i P,
PRt
P = (D/(Prl, F )

IVgPL: PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis P Base

The basis P
P =R
@ 1,
Ptla"'7tk = ((]P)tk =< ) < ]P)t2) < ]P)tp
P %) = (Boy, Py Pr i P,
0" 4
P =&)(Pry,..ry)-

—Ro3s541 — Rosss31 — Roggssr — Rogsazr —

() Ro54431 + R325541 — Raos531 — Rs24431 +

O O R352541 — Rys2531 + R3s5041 — Ryss231 +
O R344521 + R345421 + R3s4421 + Rs34421

IVgPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis P Base

The basis P

Ptla"'7tk = ((]P)tk =< ) < ]P)t2) < ]P)tp

P %”) = (Boy, Py Pr i P,
b7 A
P = (D/(Pr1,~-~ard)'

o (Pf)feg, is a basis of WQSym,,,

@ (P¢)tex, is a basis of Prim,,

17/24 A bidendriform automorphism of WQSym



Biplane forests Basis Base O

Blue skeleton of 8967647523314

4. (8967647523314)

ske

8 9 6 7 6 4 7 5 2 3 3 1 4

iYL PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base O

Blue skeleton of 8967647523314

% .(8967647523314) Global descents factorisation

ske

8 9 6 7 6 4 7 5 2 3 3 1 4

iYL PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base O

Blue skeleton of 8967647523314

F:ke(8967647523314) = Global descents factorisation +
T:.(67647523314) T}, (12) paking + swap

6 7 6 4 7 5 2 3 3 1 4 1 2

iYL PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base O

Blue skeleton of 8967647523314

F..(8967647523314) =

T (67647523314) T2, (12)

6 7 6 4 7 5 2 3 3 1 4

iYL PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base O

Blue skeleton of 8967647523314

F.(8967647523314) = Remove of the last letter
T:ke(67647523314) T:ke(12)

6 7 6 4 7 5 2 3 3 1 .

iYL PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base O

Blue skeleton of 8967647523314

F:ke(8967647523314) = Global descents factorisation
T:.(67647523314) T}, (12)

iYL PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base O

Blue skeleton of 8967647523314

F.(8967647523314) = Distinction of two groups of factors
T:.(67647523314) T}, (12)
3 4 31 42 :
I I I A R X
2 3 3 1

iYL PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base O

Blue skeleton of 8967647523314

Foie(8967647523314) = 3431421 is
T:.(67647523314) T} (12) = Blue irreductible
The(12) hd * ° .
£ (331) LT[ ] . s

2 3 3 1 34 31 4 21

Blue irreductible

A packed word w is blue irreductible if it is not
decomposable by this algorithm.

iYL PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P Biplane forests Basis Base

Blue skeleton of 8967647523314

Fr .(8967647523314) = Loop

T (67647523314) T2, (12) =

T2 O P

The(l)  Tge(122)

o
1 1 2 2 34 31 4 21

Blue irreductible
A packed word w is blue irreductible if it is not
decomposable by this algorithm.

iYL PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base O

Blue skeleton of 8967647523314

F:.(8967647523314)

. .
o e| | o .
Elo .
. .
1 1 2 2 34 31 4 21

Blue irreductible
A packed word w is blue irreductible if it is not
decomposable by this algorithm.

V'n, # Bluelrreductible, = # RedlIrreductible, = dim(TPrim,). J

A bidendriform automorphism of WQSym

IEJPZ  PHD at LISN: Hugo Mlodecki



Bases P et O Biplane forests Basis Base O

First part for basis O

ILYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P Biplane forests Basis Base O

Blue forest of 8967647523314

The right part!
F*(8967647523314) =

e | e | |0 L]
@ <1k .
ﬁ [ ] [ ]
e@ 1 1 2 2 3 4 3 1 4 2 1

pI\WPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Biplane forests Basis Base O

Blue forest of 896764

The last lettre appears in the rest of
F*(8967647523314) = the word?

@ El.*oo .

@/® N
1 1 2 2 3 4 3 1 4 1

&)

Nt e

pI\WPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Biplane forests Basis Base O

Blue forest of 896764

Right child
F*(8967647523314) =
° El % | o . .
@ E’/ F*(343142) * | - |« o
F*(12) Q 1 1 2 2 3 4 3 1 4 2 1

pI\WPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis Base O

Blue forest of 8967647523314

F*(8967647523314) =

pI\WPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Biplane forests Basis Base O

Blue forest of 896764

F*(8967647523314) =

F*(343142) .
3 4 3 1 4 2
()

pI\WPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis Base O

Blue forest of 8967647523314

F*(8967647523314) =

pI\WPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis Base O

Blue forest of 8967647523314

F*(8967647523314) =

pI\WPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis Base O

The basis O

©t17---7tk = (((O)tk =< ) < (O)tQ) =< @t17

@) %) = <©€17@€27"'7©€g;©T*(W)>’
R
0 @\ = Vi(0r).

PAWPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




Bases P et O Biplane forests Basis Ba

The basis O
) Q= Q,
O4,..tp, = (-(Of <...) <Oy,) < Oy,
0 = (0, Oy, s Oy ; O ()
(0) = V¥0,).

Q531442 + Q521443 + Q512443 — Q534142 —
Q524143 — Q514243 — Q514432 — Q524431 —

Q514423 + Q541432 + Q542431 + Q541423

A bidendriform automorphism of WQSym



Bases P et O Biplane forests Basis Base

The basis O

©t17---7tk = (((O)tk =< ) < (O)tQ) =< @t17

@) %) = <©217©@27"'7©€g;©T*(W)>’
R
0 vi(Or)

Theorem [M.]

o (Of)feg~, is a basis of WQSym,
o (Ot)tex, is a basis of Prim?,

1+ is a basis of TPrim?.
PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



A bijection Bicolor Forests

Theorems [M.]

o (Of)rez: basis of WQSymy, o (Pf)feg, basis of WQSym,,
® (O¢)¢exs basis of Primy, o (P;)iex, basis of Prim,,

o (O¢)¢ep: basis of TPrim},. o (P¢)tesp, basis of TPrimj,.

Rigidity

V bijection between red and
blue irreducible words, »
05 g; /

re-coloring of the skeletons a7 b

PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



A bijection Bicolor Forests

Bicolor forests through an example

Ti.(13,13,13,12,12,12,14,11,11,14,9,

15,10,5,8,7,6,5,3,2,1,3,4,4,9) =

55544463361721

yXYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym




A bijection Bicolor Forests

Bicolor forests through an example

T;:(13,13,13,12,12,12, 14, 11,11, 14,9,
15,10,5,8,7,6,5,3,2,1,3,4,4,9)

Tpi(55544463361721)

Tpi(312344) Tpi(14321)

yXYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



A bijection Bicolor Forests

Bicolor forests through an example

T;:(13,13,13,12,12,12, 14, 11,11, 14,9,
15,10,5,8,7,6,5,3,2,1,3,4,4,9)

yXYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



A bijection Bicolor Forests

Bicolor forests through an example

T5(13,13,13,12,12,12,14,11,11,14,9,
15,10,5,8,7,6,5,3,2,1,3,4,4,9) =

yXYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



A bijection Bicolor Forests

Bicolor forests through an example

T5(13,13,13,12,12,12,14,11,11,14,9,
15,10,5,8,7,6,5,3,2,1,3,4,4,9) =

yXYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



A bijection Bicolor Forests

Bicolor forests through an example

T;(13,13,13,12,12,12,14,11,11,14,9,  Tye(14,12,11,13,13,14,7,10,9,8,7,
15,10,5,8,7,6,5,3,2,1,3,4,4,9) = 5,15,6,3,3,4,2,2,2,1,1,1,4,5) =

yXYPL:  PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym



A bijection Bicolor Forests

Theorems [M.]

® (Of)reg: basis of WQSymy, o (Pf)seg, basis of WQSym,,,
o (O¢)tes: basis of Primy, o (Pt)tex, basis of Prim,,
® (O¢)¢eq: basis of TPrimj,. o (P¢)teq, basis of TPrimy,.

Bijection [M.]

Involution thanks to the bicolor forests.

Bidendriform isomorphism between WQSym and WQSym™.

PHD at LISN: Hugo Mlodecki A bidendriform automorphism of WQSym
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