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FQSym / permutations

Permutations

Definition

A permutation of size n is a word on the alphabet {1,2, ..., n}
where each letter appears exactly one time.
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FQSym / permutations

Permutations

Definition
A permutation of size n is a word on the alphabet {1,2, ..., n}
where each letter appears exactly one time.

A representation :

2 3 1 4
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FQSym / permutations

Permutations

Definition
A permutation of size n is a word on the alphabet {1,2, ..., n}
where each letter appears exactly one time.

A representation :

® — transposition —

2 3 1 4 — inversion — 3 1 2 4
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FQSym / permutations

Shuffle product
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FQSym / permutations

Shuffle product

° °
° L o | =
2 2
° ° °
° ° °
° + ° + °
° ° °
1 2 4 3 1 4 2 3 4 3 2
° ° °
° ° °
° + o | + ®
° ° °
4 1 2 3 4 1 3 2 4 3 1 2
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FQSym / permutations

Shuffle product

° L ° - F12F21 = F1243 + F1423 +
2 21 F1432 + Fa123 + Fa132 + Fy310
[ ] [ ) [}
[ [ [ ]
° + ° + °
[ ] [ ] [ ]
1 2 4 3 1 4 2 3 4 3 2
[ ] [ ] [ ]
[ [ ] [ ]
° + o + b
[ [ [
4 1 2 3 4 1 3 2 4 3 1 2

YAk  Hugo Mlodecki Autoduality of WQSym, the Hopf algebra on packed wore



FQSym / permutations

Shuffle product

° ° °
° ° °
° + ° + °
° ° °
1 2 4 3 1 4 2 3 4 3 2
° ° °
° ° °
° + |+ L4
° ° °
4 1 2 3 4 1 3 2 4 3 1 2
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FQSym / permutations

Shuffle product on values

° °
w o | =
1 2 2
° ° °
° ° °
° + o | °
° ° °
1 2 4 3 1 3 4 2 4 3 2
° ° °
° ° °
[ + ° + °
° ° °
2 3 4 1 2 4 3 1 3 4 2
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FQSym / permutations

Shuffle product on values

o o | = G12G21 = G1243 + Gi3a2 +
1 2 2 1 G1432 + G23s1 + G2431 + G3ao1
[} [} [ ]
[ ] [ ] [ ]
° + ° —+ °
[ ] [ ] [ ]
1 2 4 3 1 3 4 2 4 3 2
[ ] [ ] [ ]
[ ] [ ] [ ]
[ + ° + °
[ ] [} [}
2 3 4 1 2 4 3 1 3 4 2
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FQSym / permutations

Shuffle product on values

[im} . = G,G,:= >, G,
v=uv,
2 2 1 std(u)=o,
std(v)=p
° ° °
° ° °
° + ° —+ °
° ° °
1 2 4 3 1 3 4 2 4 3 2
° ° °
° ° °
[ + ° + °
° ° °
2 3 4 1 2 4 3 1 3 4 2 1
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FQSym / permutations

Shuffle product on values

° °
° w o | =
2 2
° ° °
° ° °
° + e | + °
° ° °
1 2 4 3 1 3 4 2 4 3 2
° ° °
° ° °
® + J + °
° °
2 3 4 1 2 4 3 1 3 4 2
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FQSym / permutations

Vertical disassembly

2 4 1 3

YAk Hugo Mlodecki Autoduality of WQSym, the Hopf algebra on packed worc



FQSym / permutations

Vertical disassembly

2 4 1 3
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FQSym / permutations

Vertical disassembly

2 4 1 3
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FQSym / permutations
Vertical disassembly

2 4 1 3
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FQSym / permutations
Vertical disassembly

2 4 1 3
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FQSym / permutations
Vertical disassembly

[ ) [ ] [ )
° ) °
° ° °
[ ] ) [ ) [ )
. 2 4 1 3 2 4 1 3 2 4 1 3
[ )
.—> [ )
2 4 1 3 .
[ ]
[ )
2 4 1 3
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FQSym / permutations
Vertical disassembly

[ ] [ ] Y
° ° )
° ° °
o o+ o+ °
° 2 4 1 3 2 4 1 3 2 4 1 3
[ ]
.—> [ [
2 4 1 3 N .
° )
[ ] [ ]
2 4 1 3 2 4 1 3
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FQSym / permutations
Vertical disassembly

[ ] (] [
[ ] L] L
[ +. +.
[ o [ ]
A 2413 2 4 1 3 2 4 1 3
[F
2413 -
[ ] [ ]
[ ] [ ]
_|_
[ ] [ ]
[ ] [ ]
2 4 1 3 2 4 1 3
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FQSym / permutations
Vertical disassembly

[ ] [ ]
[ ] [}
Fe ® Foa13 1 .
+ +
[ ] [ ]
. A 2 413 24 13
2413 [T
[ ] hd o
° —|—.
[ ]
2 413
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FQSym / permutations
Vertical disassembly

[} [ )
[} [ ]
Fe ® Foa13 x
+
[ ]
IF A 2 4 1 3 2 4 1 3
2413 - .
. [ ]
° =+ b
. [ ]
[ ]
2 4 1 3 > 4 1 3
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FQSym / permutations
Vertical disassembly

[ )
[ ] [}
Fe ® Faa13 . .
o] ' .
1 3 1 2 2 4 1 3
Foaizs = 1%
° [}
° + b
° [ ]
2 4 1 3 > 1’ .
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FQSym / permutations
Vertical disassembly

[ )
Fe ®Fog13 F1 ®@Fz12 :
- + -
2 4 1 3
F2413 i . S
[ ) [ )
° —+ )
[ ] [ )
2 4 1 3 2 4 1 3
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FQSym / permutations
Vertical disassembly

Fe ® Fos13 F1®F310  Fio ®Fpo
+ +

A
Fosz 7

Fo31 @ F1 4 o413 @ Fe
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FQSym / permutations

Horizontal disassembly

2 4 1 3
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FQSym / permutations

Horizontal disassembly

2 4 1 3
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FQSym / permutations
Horizontal disassembly

2 4 1 3
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FQSym / permutations
Horizontal disassembly

° °
° °
° °
° ° °

b 2 4 1 3 2 4 1 3

°
4>
°

2 4 1 3
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FQSym / permutations
Horizontal disassembly

[ ) [ ) °
[ ) [ ) °
[ ] [ ] ®
[ ] [ ) ° °
. 2 4 1 3 2 4 1 3 > 4 1 3
* —
[ )
2 4 1 3
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FQSym / permutations
Horizontal disassembly

[ ] [ ] °
[ ] [ ] °
[ ] [ ) °
. 2 4 1 3 2 4 1 3 > 4 1 3
T L
2 4 1 3 °
[ ]
[ ]
2 4 1 3
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FQSym / permutations
Horizontal disassembly

[ ] [ ] °
[ ] [ ] °
[ ] [ ] °
. T ” .
. 2 4 1 3 2 4 1 3 > 4 1 3
[ ]
.H ° °
2 4 1 3 L °
[ ] [ ]
[ ] [ ]
2 4 1 3 2 4 1 3
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FQSym / permutations
Horizontal disassembly

[ [ °
L] [ °
[ ] [ ] °
JN S EEDEN :
2 4 1 3 2 4 1 3 > 4 1 3
Goaz T
CTel ] [
0+ [
[ ] [ ]
[ ] °
2 4 1 3 2 4 1 3
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FQSym / permutations
Horizontal disassembly

Ge ® Goa1z

2 41 3 2 4 1 3
Gos 5 CTaT T
° [ ]
. + e
° [ ]
2 4 1 3 241'3
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FQSym / permutations
Horizontal disassembly

[ ]
° [ ]
[ ]
Ge ® Gog13 L®
+ 13 2 4 |°
L[ [e] | *
Goa1s T T
[ ] [ )
° + °
[ ] )
2 4 1 3 .
2 4 1 3
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FQSym / permutations
Horizontal disassembly

[ )
[ ) [ )
Ge ® Gog13 "
Tl
[}
G A 1 1.3 2 2 4 1 3
2413 [ Je] [ |
° [ )
. + °
[ )
[ )
[ )
2 4 1 3
2 4 1 3
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FQSym / permutations
Horizontal disassembly

[ ]
[ ]
Ge ® Gog13 G1 ® Gi3p
+ + L2
[ ]
2 4 1 3
Goa1s T T .
[ ] [ ]
° + | e
[ ] [ ]
2 4 1 3 2 4 1 3
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FQSym / permutations
Horizontal disassembly

Ge ® Gog1z3 G1 ®Gizp G221 @ G2y
+ +

A
Goais 7

G213 ® G1 4+ G2413 ® G
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FQSym / permutations

Duality of FQSym

. . . . . D
. . . . . .
e Cs [ e R o R e e R o e IR e R = s
D D D . . .
12 21 12 4 3 1423 1432 41 2 3 41 3 2 431 2
. . . . . A
. . . . . .
. AG . + . + . + . + .
. . . . . .
1423 - 14 23 1423 14 23 1423 1423

If H is a Hopf algebra,
<A(2),x®y >=<z,x.y >
<yz,x >=<y® z,A(x) >

Vx,y € H,z € H*,
Vx € H,y,ze H*
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FQSym / permutations

[ ] [ ]
L ° Explicite isomorphisme :
12 2 1 F, - Gyt
[ ] [ ] [ ]
[ ] [ ] [ ]
° + ° —+ °
[ ] [ ] [ ]
1 2 4 3 1 4 2 3 4 3 2
[ [ J [ J
[} [ [}
° + ° + °
[ ] [ ] [ ]
4 1 2 3 4 1 3 2 4 3 2
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FQSym / permutations

[ ] [ ]
w e - Explicite isomorphisme :
1 2 2 1 F, = G,
[} [ ] [ ]
[ ] [ ] [ ]
° + ° + °
[ ] [ ] [ J
1 2 4 3 1 3 4 2 4 3 2
[ [ ] [ )
[ ] [ [ J
[ + ° + °
[ ] [} [}
2 3 4 1 2 4 3 1 3 4 2
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WQSym / packed words
Packed words

Definition

A word w with letters in {1,...,n} is a packed word if for each
number k > 1 appearing in w, the number k — 1 appears in w too.
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WQSym / packed words
Packed words

Definition

A word w with letters in {1,...,n} is a packed word if for each
number k > 1 appearing in w, the number k — 1 appears in w too.

With the same representation : #lines < #columns

2 3 1 4 3
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WQSym / packed words
Packed words

Definition

A word w with letters in {1,...,n} is a packed word if for each
number k > 1 appearing in w, the number k — 1 appears in w too.

With the same representation : #lines < #columns

[ ]

[ ]
[
[ ]
° ° — transposition — °
[ ]

. : 5

2 3 1 4 3 — tAversion — 3 1 2 4
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WQSym / packed words
Shuffle product on packed words

. [e]e]

11
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WQSym / packed words
Shuffle product on packed words

° : L IIIZ' =

1 o 1 1
e (O [ ] [ ] e | o
° + [ + ®
° ° °
2 3 3 1 3 2 3 3 3 2
° ° ° ° o | o
° ° °
+ + he
31 2 3 3 3 2 3 3 1 2
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WQSym / packed words
Shuffle product on packed words

[ ]
hd LU I;';' - S12S11 = S1233 + S1323 +
12 S1332 + S3123 + S3132 + S3312
[ ] [ ] [ ] [ ] [ ] [ ]
° + ° + °
[ ] [ ] [ ]
1 2 3 3 3 2 3 1 3 3 2
[ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ]
+ + .
31 2 3 31 3 2 3 3 1 2
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WQSym / packed words
Shuffle product on packed words

1 o 1 1
o | o ° ° o | o
° + ° + o
° ° °
1 2 3 3 1 3 2 3 3 3 2
° ° ° ° o | o
° ) °
b + L + °
3 2 3 31 3 2 3 3 2
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WQSym / packed words
Quasi shuffle product on values

[ ]
° IZII' MUM}L o= Z M,
1 1 v=auyv,
1 2 pack(u)=o,
pack(v)=n

IKJAE  Hugo Mlodecki Autoduality of WQSym, the Hopf algebra on packed wo



WQSym / packed words

Quasi shuffle product on values

= > M,
1 1 v=uv,

(1=
I
=
=

I

1 2 pack(u)=o,
pack(v)=w
o | o ° °
+ +
. o | o °
[ ] [ ] [ ]
1 2 3 3 1 3 2 2 2 3 1 1
° e | o | o
° o | o .
1 2 1 1 + 1 2 2 2
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WQSym / packed words

Quasi shuffle product on values

° = I;';' - Mi1pM11 = Mi233 + Mz +
12 Mp311 + Mi211 + M2
[ ] [} [ [ )
[ + [ ] [ ] + [ ]
[ [ ) [ ) [ ]
1 2 3 3 1 3 2 2 2 3 1 1
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
1 2 1 1 + 1 2 2 2

IKJAE  Hugo Mlodecki Autoduality of WQSym, the Hopf algebra on packed wo



WQSym / packed words
Shuffle product on values

:

L1olL11 = L2333 +1L1300 + 1311

1 » 11 LoLy = Y L,
veEoLLp
e | o [ ] [ ]
+ +
[} e | o [ ]
[ ) [ ) e | o
1 2 3 3 1 3 2 2 2 3 1 1
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WQSym / packed words

321 Poset :
/ N\ Reflexivity,
231 312 221 211 Transitivity,

‘ ‘ ‘ ‘ Antisymmetrie.

213 132 212 121 Right
NS
123 122 112 111
321
/N
312 231
o
213 132 211 221 Left
NS ]
123 122 112 121 212 111
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WQSym / packed words

From M to S in WQSym

GL

> SRD,
o<Rrp

SRD

GLD
> GLD,
o<Lp
¢—1
R S

2 Ry

1RO

SR
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WQSym / packed words

Some matrices

123
132
213
231
312
122
212
221
112
121
211
111

=321

123, . . .
132, -11 1 .
213 (. 1 -1 . 1
231 (. 1 .
312 (. . 1
321 |1

122
212
221 (. . . .. .
2. . . . . . -1.
121
2011 (. . .o
1 |

o
=

e

Figure: Transformation matrix from the basis L. to R over packed words
of size 3.

IFgAE  Hugo Mlodecki Autoduality of WQSym, the Hopf algebra on packed wo



WQSym / packed words
Some matrices

& &§ 89 » 3 ¥ &8 ¥ ¥ 89 &8 9o =

— — N N o o™ — [q\] N — — [qV] —
23/0 0 0 o0 o0 1 0 0 1/2 0 o0 1/2 1/6
1320 0 0o 1 0 0 0 0 1/2 0 1/2 0 1/6
23/0 0 0 0O 1 0 0 1/2 0 0 0 1/2 1/6
2810 1 0 1 -1 0 1/2 -1/21/2 0 1 -1/21/6
3210 0 1 -1 1 0 O 1 -1/21/2 -1/2 1/2 1/6
21t 0 0o 0 0 0 120 0 1/2 0 0 1/6
122/0 0 0 120 1/2 0 0 3/2 0 1/4 1/4 2/3
21210 0 1/2 -1)21 0 0 7/4 -5/4 1/4 -1/4 1/2 1/6
221(1/2 1/2 0 1/2 -1/2 0 3/2 -5/4 1/4 1/4 1/2 3/4 2/3
m2jo0 0 o0 0 1/2 1/2 0 1/4 1/4 0 0 3/2 2/3
121/0 1/2 0 1 -1/20 1/4 -1/4 1/2 0 7/4 -5/4 1/6
211(1/2 0 1/2 -1/2 1/2 0 1/4 1/2 3/4 3/2 -5/4 1/4 2/3
11|1/6 1/6 1/6 1/6 1/6 1/6 2/3 1/6 2/3 2/3 1/6 2/3 13/6

Figure: Transformation matrix from the basis S to M over packed words
of size 3.
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Contributior
Contributions

@ Implementing packed words in Sage, #25916 implement
Packed Words.
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Contributior
Contributions

@ Implementing packed words in Sage, #25916 implement
Packed Words.

@ Implementing of WQSym in Sage with its 8 bases, #25930
implementation of different basis of WQSym.
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Contributior
Contributions

@ Implementing packed words in Sage, #25916 implement
Packed Words.

@ Implementing of WQSym in Sage with its 8 bases, #25930
implementation of different basis of WQSym.

@ Large scale tests.
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Contributior
Contributions

Implementing packed words in Sage, #25916 implement
Packed Words.

Implementing of WQSym in Sage with its 8 bases, #25930
implementation of different basis of WQSym.

Large scale tests.

Study of the combinatorics of these basis changes thanks to
the display of matrices and graphs obtained in Sage.
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Large scale tests.

Study of the combinatorics of these basis changes thanks to
the display of matrices and graphs obtained in Sage.
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Contributior
Contributions

Implementing packed words in Sage, #25916 implement
Packed Words.

Implementing of WQSym in Sage with its 8 bases, #25930
implementation of different basis of WQSym.

Large scale tests.

Study of the combinatorics of these basis changes thanks to
the display of matrices and graphs obtained in Sage.

Some conjecures

e This describe an infinity of automorphisme of WQSym.
o Generalization to PQSym (on parking functions).
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